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FOREWORD
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for the partial fulfillment of the requirements for the degree of Doctor of

Philosophy in the Department of Electrical Engineering, The University of
Michigan.
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CHAPTER I
INTRODUCTION AND STATEMENT OF THE PROBLEM

In the last decade, interest in the study of the electrodynamics of moving
media has increased considerably. Based on Minkowski's theory, Nag and
Sayied1 have presented an alternate derivation of Frank and Tamm'sZ formula
for Cerenkov radiation. Boundary value problems involving stationary charges
and one or more moving dielectric media have been considered by Sayied3,
Zelby4 and others. While Frank® has analyzed the problem of an oscillating
dipole in uniform motion, the complementary problem, in which the medium is
in uniform motion and the source and the observer at rest, has been indepen-
dently solved by Tai6 and Lee and Papas7. The present work is concerned with
the following boundary value problem.

1. Radiation due to an oscillating (Hertzian) dipole over

a lossiess semi-infinite moving dielectric medium.
Here lossless means zero conductivity and the dipole source is assumed to be
located in free space or vacuum which is stationary with respect to an observer
in whose frame of reference all the fields will be determined. The problem

may be regarded as an extension of Sommerfeld's8

dipole problem to moving
media, The object of this study is, first to develop techniques of formulation
of boundary value problems in moving media, and then to apply these techniques
to the above problem to ascertain the extent to which the radiation patterns are
modified due to the motion of the dielectric medium.

It may be recalled that Weyl9 developed a method by which Sommerfeld's
solution for a dipole over a flat earth could be interpreted as a bandle of plane
waves reflected and refracted by the earth at various angles of incidence. In
order to give such a physical interpretation to the present problem, it is neces-
sary that we extend Fresnél's resilts to moving media, namely:

2. Reflection and refraction of a plane electromagnetic

wave at the boundary of a moving dielectric medium,
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The outline of the present work will be as follows. In Chapter II, the
electrodynamics of moving media largely following Sommerfeld!? is presented.
The method of potentials due to Taif is also introduced. The problem of
reflection and refraction is treated in Chapter III and the dipole problem in
Chapter IV. Asymptotic solutions using the method of saddle points are obtained.
Finally, a discussion of the results along with some suggestions for future

research appears in Chapter V.
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CHAPTER I
ELECTRODYNAMICS OF MOVING MEDIA

2.1 The Lorentz Transformation

Consider two coordinate systems as shown in Fig. 1, in which the y and y'

axes coincide and the system S'is moving witha uniform velocity vinthe y-direction

with respect to S. For the case when the two origins O and O' coincide at the

zl

X x!

FIG.1: THE COORDINATE SYSTEMS

instant t = t' = §, the equations of transformation of the space-time coordinates

from one system into another are given by

y' = v (y-vt) y = v(y'+vt?)
xX'=x, z'=2 X=Xx' z=2' (2.1)
t = y(t- Ex) t= y(t'+Ex)

The above is known as the Lorentz or the Lorentz-Minkowski transformation.

The various constants appearing above are given by

eo)_]/z

€, = permittivity of free space = (367rx109)_1 farads /m.

c=(u o = velocity of light in free space or vacuum

Ko = permeability of free space = 47 %10~ henries /m

y = (1-32)_1’2
B=v/c .
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2.2 Maxwell-Minkowski Equatinns k4

Consider an isotropic homogeneous lossless (zero conductivity) medium
moving uniformly with a velocity v in some direction. Without loss of generality,
we can choose this to be the y-direction and orient the axes as in Fig. 1. Now,
according to the theory of relativity, Maxwell equations must have the same
form in all inertial frames of reference, that is, they must be covariant under
the Lorentz transformation (2.1). Therefore in the unprimed or laboratory

system, we have

__9oB
VxE= pn 2.2)
_1,9D
Vx H= I+ (2.3)
V-D=p (2. 4)
V- B=0 (2.5)
9p _
V. J+=5=0 (2.6)

and by attaching primes, we get Maxwell equations in the primed system, for
instance, (2.2) becomes

oB!
1 - - =
V'x E 5t

It may be nofed that the divergence equations follow from the curl equations and
the equation of continuity; hence do not yield any new information. To formulate
a problem completely the constitutive relations must be known. These can be
derived in the following manner. In the primed system where an observer is at
rest with the medium, we have

D'=€¢E! 2.7

B'= uH' (2.8)
where € and u are the permittivity énd the permeability of the medium in the
primed system. Now, according to Minkowski's theory, which is based upon the

special theory of relativity, the fields in the two systems transform according

to the following scheme, .




THE UNIVERSITY OF MICHIGAN

7322-2-T

E'= y-(E+Yx B) 2.9
1

B'=y-(B- YxE) (2. 10)

H'=y-(H -yvxD) (2.11)
1

D'=y- (D+ -z XxH) (2.12)

where

0 7
Y =v§
Substituting (2. 7) and (2. 8) into the above, we obtain
D+ YxH = (E+Y xB) (2.19)
B-LyxH:=uE-¥xD . (2.19)

These two relations were first derived by Minkowski in 1908. Solving for B
and D in terms of E and H, we obtain the desired constitutive relations

D=€ a- E+ QxH (2.15)
B-=pog -H-QxE (2.16)
where
=(n2—1)B "
= (1-n“f)c

n-= (;"i—z—— )1/2 = refractive index in the primed system
0%

__1-g? = 2
2 Twp Ko = 0%Ho%

a O 0
a=|0 1 ol , k2 =w2pue
0 0 a

The system (2. 2) - (2. 5) can now be solved once the sources are specified by

the method of potentials discussed in the next section. To illustrate the usefulness
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of this type of formulation a modified version of Nag and Sayied's method for
Cerenkov radiation is presented in Appendix A.

2.3 The Method of Potentials for Moving Media
The method developed here is due to Tai®, The Maxwell equations

, -t g
assuming e variation are
(2.17)

(2.18)

Vx E=iwB

VxH=J -iwD .
(2.19)

Making use of the constitutive (2. 15) and (2. 16) we obtain
(V+iwQ)xE =iwu a-H
(2.20)

(V+iwQ)xH =-iwe a- E+J

Applying the transformation
(2.21)

(2.22)

we get
(2.23)

<
»
=
[y
|
ote
£
r
IR
am
[y

<
»

oo}
—
1

such that

Now introduce the vector potential A 1

1,4

pa-H =Vxa™- 4,
(2.24)

or g-l. EVX (g—l ; A—lﬂ

1
B’l— ,:
Substituting in (2. 22), we obtain

=1 "1 . -—
Ecive~l- A -VE, (2. 25)
where ¢1 is the scalar potential. Substituting for gl and El in (2. 23), we
(2. 26)

obtain
-1 -1 _dwQy -
Vx{c:z -EVx(g -Alﬂ}»ue J+k2 é_l+1wue @ -V¢l
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The vector operator on the left hand side can be expanded in rectangular coor-
dinates thus

Vx{g'l-[Vx(g'l- A ln} -2 [—(va- V)AI%(Q.V)(V- éi] (2.27)

where

S
Now define the gauge condition

V-él lk: 2¢1 (2.28)
so that (2. 26) becomes

(V, VA +ak?A = waelWy (2. 29)

To integrate (2. 29) in an infinite domain we introduce the scalar Green's function
G which satisfies the equation

2 2
[%_xa— 'l‘a{;z— a—z-z—+ak2:]G=-6(£|£0) (2. 30)

where I, refers to source point.

Two distinct cases depending upon the sign of a exist.

Casel: a>0 orv<c/n

The solution can be obtained by dimensional scaling

.
al/Z elka Ry

47 R1

Gy= (2. 31)

where R,, the modified distance is given by
2 2 12
R1= (x-xo) ﬂ(y—yo) +(Z-zo)2]

Case2: a<0or v>c/n

In this case, we have a two-dimensional Klein-Gordon equation and the
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solution is given by

a cos(all‘szz)
27 R2

G2= , if alp(y_YQ) >p

(2. 32)
= 0 if a]’,z(y-yo) <p

a= |al
R2 = [Q(V'Yo)z‘szﬂ

p= [(x—xo)2+(z—zo)2:|]’lIz :

where

If the medium is moving in the negative y-direction, replace (y-y,) by (y,-y).

Once the Green's function is known, the solution for A_ in (2. 29) is given

1

iw
A (D)=pa “g e’ 70 Gax av, (2. 33)

and the electric and magnetic fields are given by

2.2 Py
].k2a E: e ley azk2 a‘l 'A + W'A (2. 34)
0 g AT
uﬂ=e'w9y {g -1, [Vx(g_l 'él)] } ) (2. 35)

One final word is necessary. The vector and scalar potentials A, and ¢1
introduced here do not form a four-vector in the Minkowski space. This is in
contrast with the potentials employed by Lee and Papas7 which transform like

four-vectors. The latter will not be used here.
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CHAPTER III

REFLECTION AND REFRACTION OF A PLANE ELECTROMAGNETIC
WAVE AT THE BOUNDARY OF A MOVING DIELECTRIC MEDIUM

3.1 Geometry of the Problem

As shown in Fig. 2, the region z <0 is filled by a medium, with a per-
meability u, and a permittivity €, moving uniformly in the y-direction with a
velocity v. The region z >0 is free space (u,, €,) and is stationary.

A plane electromagnetic wave traveling in free space in an arbitrary direc-
tion is incident upon the interface; as a result there will be a reflected wave and
a transmitted wave. Let the orientation of the three waves be as in Fig. 2, the

azimuthal angles being measured from the x-axis.

3.2 Plane Waves in Moving Media

In order to represent the transmitted field, we need plane wave solutions
in the moving medium. The Maxwell equations in the absence of sources and

-ipt g .
for e variations are given by

VxE= iwB (3.1)
VxH = -iwD (3.2)
V-B=0, V-D=0 = (3.3)

Making use of the constitutive relations (2. 15) and (2. 16) we obtain

(V+iw Q)XE =iwp o H (3.4)
(V+iwQ)x H = -iwea- E (3.5)

The plane wave solutions which we are seeking can be represented thus

eiK ¢ (3.6)

]

CJLTJ

eiK ¢ ' (3.7

H
= o

1
==

where the first factor denotes complex amplitude, kK the propagation constant and
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Incident
4
63
Reflected
6
T
N W
|
|
| y
b x i o €.
| 11 o o
v — (I-‘: €)
6t
Transmitted

FIG.2: PLANE WAVE INCIDENCE ON A MOVING MEDIUM
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§: is given by
§ = xsinfycos §, +y sin 6y sinfy -z cos 6; . (3.8)

Here, the subscript t refers to the transmitted wave, 64 is the angle between the
negative z-axis and the direction of propagation as shown in Fig. 2 and ¢t is the
azimuthal angle. For our purposes, it is sufficient to treat the complex ampli-
tudes as being independent of the coordinates x,y and z. In component form (3. 6)

can be written as

)eiK'g

E=(E_, E oy Foz . (3.9

To solve (3. 4) and (3. 5), we first let
' +

£ = o WSy £ (3. 10)

H ) §
and find that E' and H' satisfy

VXE'=iwpag  H (3.11)

VxH'=-iwe ag- E' . (3.12)
We make one more substitution

E' EH

H} =a7h- { . (3.13)
to get

Vxa 1. E"=iwpH" (3.14)

Vgl H'=-iweE" (3. 15)
It may be noted that the above equations imply

V‘I_'I_"=V‘:_E_"=0 ] (3_16)

+The primes used here should not be confused with the similar notation used in
the moving reference frame. The latter will not be used in this chapter.

11
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Eliminating one variable at a time between (3. 14) and (3. 15), we find that E"

and H'" satisfy the modified vector wave equation

_ _ E" EH
Vx [g L. (vx o 1.[1;,}“ =k g- {ﬁ',} (3.17)
Expanding the left hand side according to (2. 27) and making use of (3. 16), we
find E" and H" satisfy
(V" VIE" +ak?E" = 0 (3.18)
(VM H'+ak?H"'=0 . (3. 19)

These equations separate into three scalar equations in rectangular coordinates

of the form

2 2 2
[§_2+§ 8_2+8__2+ak2] =0 (3.20)
Jx oy oz

where iy stands for one of the components, Plane wave solutions of the above are

given by
i(klx +k2y —k3z)
e (3.21)
provided kl, ko, k3 satisfy the characteristic equation
k2
12+ =2 +12 -ak2 = 0 . (3.22)
1 a 3

Now, we are ready to construct plane wave solutions in the moving medium starting

with either the electric or the magnetic field. Thus setting

E'=(E" ,E' ,E" )e (3.23)
= ox’ oy’ = oz

we get

E___e'iUan-l .E"

i] k,xHk,-wQy-k,z
= (_a]_:En E" l E" e [ 1 kz 3]

, , (3. 24)
ox’ oy’ a oz

)

12
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The amplitudes in (3. 23) must satisfy the relation (3. 16), so that
1 LL I, AL B
klE ox+k2Eoy k3E oz 0 . (3. 25)

Comparing (3. 24) with (3. 9), we get from the phase functions

K 8in 6,cos @ = k1 (3. 26a)
k sin6ysing, = (ky-w0) (3. 26b)
k cos 6, = kg (3. 26¢)

substituting for kl’ kz k3 in (3. 22) we get the following dispersion relation for g

2

2 .2 1 . . 2 2
Kk sin Gt cosz¢tf5 (xsmGtsm¢t+wQ) + K cos Gt-akz =0 . (3.27)

Solving for k /ko , the refractive index of the moving medium, we get

£ . 1—3272(n2-1)cosza -1 723 (1- 2)cos
ko

+ [l+ 72(n2-1)(1-320082a) } (3.28)

where « is the angle between the direction of propagation and the velocity of the
medium, (cos a = sin et sinﬁt).. This expression checks with that of Papas11 (see
page 231, Eq. 61 ). We also note that the amplitudes in (3. 9) will have to satis-
fy the following relation
. 1 . . _
K smetcos¢ton+£ (x smetsm¢t+w Q)Eoy—lc cosGtEoz— 0 . (3.29)

The magnetic field H can be obtained from (3. 4). Making use of (3.27) and (3. 29),
one can show that the H field thus obtained satisfies (3.5). From this it follows
that the divergence relations in (3. 3) are also satisfied. We conclude this section

by summarizing the method of construction of plane wave solutions in moving media.

13
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Summary: To construct plane wave solutions in the moving medium, we
set ik e

E=(E ,E ,E )e

- ox’ oy’ oz (3.9)

subjecting the amplitudes to the condition (3. 29), k satisfying the dispersion
relation (3.27) and § given by (3.8). The magnetic field is given by

H- o o [(vrean]

Alternatively, one can start with the magnetic vector by setting

H=(H ,H ,H )e "¢ (3. 30)
= ox’ oy’ oz

and obtain the electric field from

everything else remaining the same except replacing E by H in (3. 29).

3.3 The Modified Snells Law

The incident and the reflected waves satisfy for e-mt variation

VX E = iwB V-B=0 (3.31)
Vx H = -iwD D=0 (3. 32)

and the constitutive relations being
B=uH D=¢E . (3.33)

The plane wave solutions are well known and the phase functions are of the form

ik £ ik n
e e
where
2 2
k0 =W M€
£ =xsin eicos ¢i+y 8in 6;8in ¢i-z cos Gi (3. 34)
n = x8in6_cos ¢ SV sing sing +zcos6, . (3. 35)

14
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Here subscripts i and r stand for the incident and reflected waves respectively
and the angles measured as in Fig. 2.

Now, in order to match the boundary conditions at the interface z= 0, it
is clear that the phase functions of the incident, reflected and the transmitted
waves must be identical when z = 0. This is possible only if

a)¢i=¢r=¢t

b) 6; = 6., (3. 36)

c) kosin 6;=x 8in Ot .
Physically this means that the three waves are coplanar (the plane ¢=¢; will be
called the plane of incidence), and the angle of reflection is equal to the angle of
incidence. These two results are no different from the case in which the lower
medium is not moving. The Snell's law, which relates the angle of refraction to
the angle of incidence is, however, modified according to c) in (3. 36) . Making
use of these relations in (3. 27), substituting for a and 2, we get after some
simplification

n2—1 2 -2
8ing, =sing. |1+ —= (1-Bsin 6;sin ¢.) (3.37)
t i i
1-§
which is the modified Snell's law, We note that except when ¢i=0, 7, the formula
is affected by a change of sign of 8.

The angle of total reflection can be obtained by setting sing 71 and solving

for 6;. For the case of ¢i =0, we get

2
o 2 . (3. 38)
1-§

Excluding the non-moving case (8=0), from the inequality

Sin91= (

2_
g 5 2 if 221,

1-B <

15
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we conclude that the phenomena of total reflection occurs only if n2 < 1 and the
value of this angle is less than the corresponding value in the non-moving case.
The next sections are devoted to the boundary value problem of reflection
and refraction. To facilitate analysis, different cases based on the polarization
of the incident wave are treated separately. The modifications introduced in the

Snell's law due to the movement of the dielectric medium are depicted in Figs.
3-8forn=2 and n=0.5.

16
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30
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FIG 3: ANGLE OF REFRACTION VS ANGLE OF INCIDENCE FOR
n=2, ¢i= 0
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FIG. 8: ANGLE OF REFRACTION VS ANGLE OF INCIDENCE FOR
n=0.5, § = 90°.
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3.4 Electric Field Perpendicular to the Plane of Incidence

In the coordinate system (xl, ¥1,2 ) resulting from a rotation of x, y axes
as shown in Fig. 9, the incident electric field is given by
ik (y,sinf.-zcosg;)
i
E<Ee © © & . (3. 39)
=i o

The two coordinate systems are connected by the following relations

X sing, cosf, X
- i i 1 (3. 40)
y cos¢i sing, Y,

It is easier to work with the (x,y, z) system instead of (xl, ¥q z) in spite of the fact
that the incident field has a simpler form in the latter system; the reason being the
analysis of the transmitted wave would then be greatly complicated. In the (x,y, z)

system the incident field becomes
ikoS
E=(I,1,,0)e (3.41)
=i 1’2
where Il=EOsin¢i, I2=-Eocos¢i and £ given by (3. 34). The magnetic field is given
by

H=— VxE.
-1 (41,0 1

so that in component form (suppressing phase factors)

ko
H, = — 1_coso,
ix wu 2 i
o
H. =- —k—g— 1, coso. (3.42)
1y WHo 1 1

k
o . A
i2” oy sing, (Icos ¢;-I;sinf; )
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yi1z-plane is the plane
of incidence

FIG.9: THE (x,y,z) AND (xl, Yy z) COORDINATE
SYSTEMS.
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The reflected field can be represented by

ik n
= 0
E (Rl’ RZ’ R3)e (3.43)

where 7 is given by (3. 35) and the amplitudes satisfy the condition V - E_r= 0
which yields

R, 8inf_cos§ +R, sinf_sing +R
r r 2 r 'r

1 coser= 0 . (3. 44)

3
The magnetic field is given by

so that in component form we have (suppressing phase factors)

k
= _0_ (R
X Wy 3

smersm¢r—R2 cosf )

k
:-L(R

H sind_cos§ -R
Ty Wi 3 T T

lcosf)r) (3. 45)

rz

ko . .
= EM—O sin6 (R, cos § -R, sing ) .

The transmitted wave can be represented by

e

ik
Et = (Tl’ T2, T3)e (3. 46)
where § is given in (3. 8) and the amplitudes satisfy
K sinetcos¢tT1+§1 (Ksinetsin¢t+w )Ty~ K cos 6;T = 0 « (3.47)

The magnetic field is given by

! .
Iit o a [(V +w Q)xgt]
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so that in component form we have (suppressing the phase factors)

+uQ+T. K
Ho® 200 [T (k sing sm¢ wRHT K cos Ot]
T sme cos(@ +T cosG] 3. 48)
ty wu [ ¢ (
th Ton [T xsiné cos¢ -T (x sin@ s1n¢ +wQ)]

The boundary conditions at the interface z = 0 are

a) continuity of tangential components of E and H

b) continuity of normal components of D and B (3.49)

These yield six equations and along with (3. 44) and (3. 47) we have eight equations
between the six unknowns. This need not disturb us, in fact, b) above is auto-
matically satisfied as will be shown shortly. The continuity of the tangential

components yields

I+R =T, (3. 50)
I,+R,=T, (3.51)
i[:I cosf +R,_sinf_sing -R cosG—_l
WH, 2 i 3 r r 2 T

t'_] (3.52)
—ko— EI cosf.-R_sing_cosf_+R cos93= L ET 8ing, cos{ +T cose;l
Who 1 i 3 T r 1 W 3 t t 1 .

(3.53)

Before solving this system, we will show that (3. 49b) is automatically satisfied.
Apart from the phase factor,at z = 0t
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_ ko . T ai 0 i - i .
B =9 s1n6i(Izcos¢1 Ils1n¢i)+ smer(chos¢ Rlsm¢ )

Substituting for R, and R, from (3. 50) and (3.51) and noting that ¢i=¢r and

1 2
6i=9r, this becomes

k
o . .
o Sin6 (T,cos ¢i-T1sm¢i ) (3.54)

and atz = 0~

B = uaH

Y e
z . OE " sin 61:(51‘2 cos ¢i T, sin ¢i) (3.55)

t w

which is the same as (3. 54) because of Snell'slaw (3.36). Similarly, at z = ot

DZ = eoR3 (3. 56)
and at z = 0~
Dz = ca Etz_QHtx (3.57)
Instead of directly substituting for Etz’ we express in terms of Ir_It thus
il 1 .
—p——— . +
tz welS v 1wQ)xI;I;|z

! L o ,
" e [(K smets1n¢t+w Q)Htx Ksmetcosglthy__l »

so that the right hand side of (3.57) becomes
K o3 .
- H
smet(sm¢tH cosf ¢ ) .

Because of the continuity of tangential H, we can substitute the left-hand sides of

(3.52) and (3.53) for H_ and H,_ respectively and after some simplification, we

x ty
get
K sin@,c ko
5 &ing, 03 (3.58)
W “0 1

which is the same as (3. 56) because of Snell's law. Thus we conclude that the
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continuity of tangential E (H) and Snell's law ensure the continuity of normal B(D).
The solution for the six unknowns related by Equations (3. 44), (3. 47) and

(3.50) - (3.53) can be conveniently carried out as follows:

R].:Tl_ll (3.59)
R,=T,-I, (3. 60)
R= —tanGi(Tlcos¢i+Tzsm¢i) (3.61)
Tl’ T2, T3 satisfying
. T2, .
T,« s1n6tcos¢i+ - (k sm@tsm¢i+w £2)-T K cos6,=0 (3.62)
T E’tane sin6_sing.cos § +T. (—cosO, + %0 1056, +2 tang,sing sin’g.)
g o i 2 O i ISR Yy
L3 2o 3.63
"3, 00+ Q) 0 .
™ (Ksmé)tsm¢i W) ™ L,cos 6; (3.63)
k k
0 ; 2¢ +_© K
Tl( uotaneismeicos ¢i+ﬁlo cosf;+ ; cos@t)
k

2
+T,, ;0 tang;sin6;sind;cos§,+T %sinetcosgli = ;kg I,cos6; .
0 0
(3. 64)

The solution of the above equations for the general case is quite tedious though
not impossible. We will consider only two special cases; when ¢i= 0, 90° and

also set u = [

Case 1: u=p,, ¢i=0

_2 2
sing, = Itl—zﬁi—] sing, (3. 65a)
n2-g*
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H[55

The fields are given by

The amplitudes of the transmitted and reflected waves are given by

where

i[__l«:o(xsinei—zcosei)—wt]
E.=(0, -E , Qe
= o

. i [k o(xsin¢9i+zcosei)—uﬂ
E. (Rl, Rz, R,))e
[_K (xsin6

—zcos@t)-wt:l
E (T, Ty, Tole

t

ZEP w2
Tl— M sm6 cose
(1-6%
2Eo
= - — + ~
T2 T b cos Gi(b cosetsecei)
2E B
T3= i (n -1) cos ei(sec 6i+b cos et)
(1-F%)
R
R2 T2+E
R3= —Tltane
_ 2
b=( )
1-82
., b
M=b( 3 €S 6t+cos ei)(b+cos Gtsec 91)+
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Making use of (3. 65) to eliminate 6
for R1 and R2

v We get the following convenient expressions

2E

___ 0 9 Ly . 2
R, = N B(n l)smeicos 6i (3. 72a)

1

2
R2=Eo{ 1- % cos 6; En2—32)cosei+(1-32) ( %2 -sinzei)lfz_]k (3. 73a)

where

N=(n2~32)coszei-(1—n232)sin26i+n2(1—52)

+(1- [32)(1+n2)c0s8[ -sinzei]m : (3. 752)

1-p

A significant feature of the above results is that the reflected and transmitted waves
have components not originally present in the incident wave. Because of this, the
phenomena of the reflection and refraction by a moving medium cannot be completely

described by merely specifying the reflection and transmission coefficients R and

T defined by
Ed Y

LI

E
An exception, however, occurs when ¢i= 90° which is discussed next.

Case 2: u = p, ¢i =900 *

_1/‘2
sing, = [ - :I sin6y (3. 76)

and g can be determined from the relation

K sinGt =ko sin 91

+
This case was considered by Tai before. Actually, this Chapter is an extension

of Tai's work.
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The fields are given by
i [ko(v 8in6,-z cos 6,) —at]

A
}_]i =xEoe (3.77)
£ 0 sin(9 t—ei) e1 [ko(y sin ei+z cos Gi) -wt] (5. 78)
=r ~ o sin(9 t+t9i) )
cos 6.sin6_ i [k(ysin6, -z cos6,)-wt
E-R2E —1 L, : ¢ (3.79)
-t o sin(g t+6i) . :

The reflection coefficient R and and transmission coefficient T are given by

sin(et—ei)
R= m (3. 80)
t i
2 8inf6 tcose.
T = . (3.81)

sm(6t+9i)
The results are identical to the stationary case modified by velocity terms intro-
duced via (3. 76). Eliminating Gt, we get for the reflection coefficient

sin(9 t—Gi) . 2cos (9ts1n6i . o F .
sin(6,46.) sin(6.+6.) cos 6 +F :
t 1 t i i
where
o n2-1 12
F = Eos 6i+— (l—BsinGi)zj . (3.82)
1_

3.5 Electric Field Parallel to the Plane of Incidence

The procedure is similar to the previous case except that we start with the

magnetic field. Referring to Fig.9, we have
ik (y,sin@.-zcos6,)
H=He © } 1 ! . (3. 83)
=io

In the (X, y, z) system this becomes
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ik, €
H=(1,1, O)e (3.84)
where £ is given by (3. 34) and I 1=Hosin ¢i’ 12=—Hocos ¢i' The electric field is
given by
B e TxH,

so that in component form (suppressing phase factors)

kO
B oele
[o]
k0
=—— 1 cos ei (3. 85)

iy we, 1

k
= -9 & -1, si :
= Se, sin 6, (I, cos ¢i I sin ¢i)

cos Gi

iz

The reflected field can be represented by
- ikon
}_I_r—(Rl, R,, R3)e (3. 86)

where 7 is given by (3. 35) and the amplitudes satisfy the condition V- H,.=0 which
yields

R.sin6_cos @ +R
r r

1 ,Sino_sin ¢r+R3cos 6.0 . (3. 44)

The electric field is given by
E=— VxH
T we, T

so that in component form (suppressing phase factors)

" E%E(R3Sin 6 sin ¢r—chos Gr)
ko
Ery= ‘*E (Rgsin 6 cos § -R cos6,) (3.87)
ko X
- ey 8in 6 (Rycos § -R sinf. )
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The transmitted field can be represented by
_ ik¢
H—t_ (le T 2 T3)e (3. 88)
where ¢ is given by (3. 8) and the amplitudes satisfy

1
i +- (ksing, si - =
K smetcos¢tT1 S (Ksm6t81n¢t+me2 kcos6, T =0 (3.47)

The electric field is given by

g;& g'l- E(V+iw§_2_)xl_{t]

so that in component form (suppressing phase factors)

1 . .
= - — K + K
E < |T3( s1n9tsm¢t+w§2) T2 costh

K .
= - -+ .
E €|T3sm6tcos§25t Tlcos Gt | (3.89)

1 , o
B " awe [Ty« sing,cosf,~T  (k sin6, sinf +u 2)]

The boundary conditions (3. 49) lead exactly to the same set of equations as before

except that we replace Mo by €, and u by €. Thus

R].=T1-I1 (3. 90)
R2=T2—I2 (3.91)
R =-tan,(T, cos ¢i+T2 sin ¢i) (3.92)
Tl’ T2’ T3 satisfying
Ty
. 22 . 10 40 OV T K _
T i~ S1n9tcos¢i+ - ( Ksmetsmgli W) T3 cose,c 0 (3.93)
T, —tan0 _sin 6, sing cosf,+T, (X cos 6+ = cos 6.+ Lo tang, sind, sin’f;)
1 € i i i i " 2'ae t e i € i i i
T3 2ko
+ = i ing + = — ) )
e (xsm9t51n¢i W) e 1200891 (3. 94)
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k k

T (—OtanO. sine.cos2¢-+ =2 cos6.+ -~ cos6 )

l'e i 1 1 ¢ i € t
o o

k 2k
o
+Ty ~ —tanG sinf, sinf, cosf; +Tg s1n6tcos¢ = — I, cos6,

0
(3.95)

As in the case of perpendicular polarization,we will consider only two cases

of incidence; when ¢i =0, 90° .

Case 1: u=u,, ¢i=0

The expressions for K and Gt are given by (3. 65) and the fields are given by
i [ko(x sinf;-z cosei)—wt]

_1=(0 -H,, O)e (3. 96)
i E{O(x sin01+z cosei) —wt:]
H =(R, Ry, Rj)e (3.97)
E (x sinet—z coset)—wt]
Ijt=(T1, T2, T3)e (3.98)
The amplitudes of the transmitted and reflected waves are given by
2H B (n -1)
T1= M sme cosG (3.99)
1-8
2Hob 0
T2= -—[ ©os Gi(b-}n cosetsecei) (3.100)
2H B , 2
T3= - Mo (n”-1) cosei(nzsecei-bb coset) (3.101)
(1-32)
R1=T1 (3.102)
Ry =T, +H (3.103)
R_= -T tan 6, (3.104)
3 1 i
where 5
1-p2
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M=b( Lcos 6 +cos Gi)(b +n2cos9

a2 ot t

2_1\2
+ Bﬁ%— (secOi+ % CcoS8 Ot ) . (3. 105)
(1-8%) n

secé.)
i

Eliminating Gt, we get the following convenient expressions for the reflected field.
2H0
= —— B(n2-1)si
R1 N B(n l)smeicos

291 (3.102a)

2
R2=Ho{l-% cosei[(n2—32)cosei+n2(l~32)( ’-’Ig —sinzei)]’lz_] } (3.1032)

where N is given by (3. 75a).

Besides the remarks already made in connection with perpendicular polari -
zation following (3. 75a), an additional feature is that for no angle of incidence
does the reflected wave vanish. Hence the Brewster angle phenomenon has no
parallel in the present case. An exception, however, occurs when ¢i:900’
which is discussed next,

Case 2: p = u, ¢i=90°.

The expression for 0, is given by (3. 76) and K can be found from the modified
Snell's law. The fields are given by

ei E{o(ysinei-zcosei) —wﬂ

H.=xH (3. 106)
-1 (o}
_ . _
kcosf, - —k cos8 iE{ (ysing, . +zcos6.)-ut
gr=§Ho ! f o tle o ! ! d (3.107)
_kcosei+—k kocose 4
B iEc (ysing, -zcos Gt)—wt
H =:‘EH0 2k°°:@ e t ] (3.108)
kcosei+ * kocose,Ed

Eliminating K and Gt, we get for the reflection and transmission zoefficients
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F
Rel- 52— 2. (3. 109)
n cos9i+ F
2nzcos 6;
T= == 1 (3.110)
nzcosei+ F
where F is given by (3. 82)
F-= l:cos 6+ (1 -Bsiné, ):] . (3.82)

The angle of incidence 6, for which the reflected wave vanishes is found by setting

(3. 109) equal to zero. This is the modified Brewster's angle and is given by

2,12
sm6 = B+n(1 Bz)(1+n ) . (3.111)

n +1 n232

In Fig. 10, 6, is plotted as a function of 8 for n = 2.

3.6. Perpendicular Incidence

Finally, we have to discuss the case of perpendicular incidence (91=0)
which is rather trivial compared to the previous ones. Though the distinction
between the two kinds of polarization disappears, we have to still consider
separately the two cases in which the incident electric or magnetic field is in the
x-direction. First, we note that

9i=6r=6t=0

n2-g2 12

x=ko

Case 1: _I:Ji in the x-direction,

E=8E ¢ lkoztut) (3.112)
-1 (o]

R 1| ) (3.113)
H,=-y —0 o€ .
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E, - xE Re i(koz-ut)
Ak ik z-wt)
H=y— ERe ©
T 7 W 1°
A ik z+wt)
Et—xEoTlv
H-=
._t
wu (1- 32 )
where 9k
T i
i ar
Rl= llzdi-#—:uo
o " Ho
Case 2: }ll in the x-direction.
H.=>?H e—1(koz+wt)
= o
a Ko —i(kgz-Hot)
E=y — H e
=17 wey 0
H A R oz o)
o1
Hk
E =) QOR, Hkoz-ut)
- WeE
o
_ -i(k z+wt)
}_It—f?HOT .
koHo 1
we(l- )
where 2ko€
T
1 ko€+K€
k e-K €

R1=k e+ Ke
o o
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The situations are similar to the non-moving case. Furthermore, in Case 1

| _ kg

—_— = (3.128)
5] gtk
and in Case 2:
2
E KeE -k € Kk u-k®u
12 I " o (3.129)

|}§1| <€ +k € Kk0“+k2“0

These two ratios are not egual contrary to the non-moving case; the deviation is,

however, of the order 62 since

Ko,skE 32 (? 1)] . (3.130)

This completes our study of the problem of reflection and refraction at a moving

boundary. We close this chapter by presenting a summary.

3.7 Summary

The problem of reflection and refraction of a plane electromagnetic wave
traveling in free space and striking a moving dielectric boundary has been solved
in this chapter. The solution proceeded in a logical fashion by first determining
plane wave solutions in an unbounded moving medium. The resulting wave
number, hence the refractive index, of the moving medium was found to be a
function of the velocity, the direction of propagation, and n, the refractive index in
a rest frame, as given by (3. 28). The rest of the analysis was carried out in a
straightforward manner. Snell’s law was modified according to (3. 37). Except
when the azimuthal angle of the incident wave was 90° (or 180°), the results were
found to be quite complicated, the reflected and refracted waves having components

not originally present in the incident wave and Brewster's angle being absent. The
results in the exceptional case were found fo be quite similar to the non-moving
case and the modified Brewster angle given by (3. 111).  Finally, a word of

caution is necessary. Though the results of this chapter are valid whatever the
value of n (real), some modifications are necessary if total reflection occurs.
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CHAPTER IV
OSCILLATING DIPOLE OVER A MOVING DIELECTRIC MEDIUM

4.1 Introduction

The geometry of the problem is shown in Fig. 11. This is similar to that
of Fig. 2 except that there is an oscillating dipole of moment me—iwt at a height
h above the interface. Because of the asymmetry introduced by the motion of
the dielectric, in order to take care of the general case corresponding to an
arbitrarily oriented dipole, it is necessary that we consider the three cases in
which the dipole is oriented along each of the three axes, whereas in the non-moving
case considered by Sommerfeld two orientations only were sufficient. The case
of the vertical dipole is considered first. Two methods of solution are presented.
In one, the problem is formulated in terms of Fourier integral representations of
the vector and scalar potentials appropriate in each of the regions shown in
Fig. 11. In the other method, all the fields are expressed as integrals of plane
waves over all possible directions. The latter method, originally due to Weylg,
has the advantage of providing a physical interpretation to the dipole problem by
reducing it to the reflection and refraction problem considered in Chapter III.
Next, the case of the y-directed dipole (parallel to the velocity) is treated and that
of the x-directed dipole (perpendicular to the velocity) being omitted since the
method of solution is no different from the previous cases. Electric field pat-

terns in the two principal planes (xz and yz ) are included.

4.2 Vertical Dipole

4.2.1 Fourier Integral Method . First let us define a two-dimensional

Fourier integral.

L (f ioximgy) (f -iutp,y)
f(x, Y)=—-2- SS dpldpze S S dudv e f(u,v) - (4.1)

er)

=
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Regionl (h<z <) -iwt
me
————— ________.___'}'__ r———=———=-=—=-=-=
Region 2 (0 <z <h) ]/2
ko=w(u, €)
—
—> V
Region 3 (- < z < 0) u, €
k=w(u€)]l2

FIG.11: DIPOLE OVER A MOVING MEDIUM
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Henceforth, we will assume that the functions are well behaved so that the above
representation is valid. Referring to Fig. 11, the fields in the upper half space

are given by the well known relations

K2
o 2
- E=k; A+VV- A (4.2)
u H=VxA (4.3)

where A , the vector potential, satisfies -

V2 A +K2

SA =iwu,m 8(x)6(y)6(z-n)Z . (4.4)

In component form, the vector equation (4. 4) separates into the following three

scalar equations.

v2A_+°A_= 0 (4.5a)
X 0 X
2. 2
VA +k’A =0 (4. 5b)
y o'y
VA HPA, = i wp m 5(x)6(y)6(z-h) (4. 5¢)
Z 0 Z IJO ’ -

The solution of the third equation above consists of two parts; a primary excitation
due to the dipole source, and a secondary excitation due to currents induced in the
moving medium while the solution of the first two (4. 5a, 4. 5b) is accounted for by
secondary excitation alone, Speaking mathematically, the primary excitation is
regular everywhere in the upper half space except at (0, 0, h) and the secondary
excitation is regular everywhere in this half space. Since the boundary over which
the fields are to be matched is of infinite extent in the x and y directions, it is

clear that each of these excitations should be expressed as a double Fourier integral
in these two directions. This will serve as the necessary groundwork to formulate

the problem. Now, the primary excitation in AZ, apart from a constant, is the
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Green's function for the Helmholtz equation which has the following integral

representation due to Sommerfeld

. Qo >
1 11{oRl 1 1 E(P1X+P2Y )_)‘olz_hu
E € = ‘27 r € dpldpz (4. 6)
1 (s
-
where

2
A, = ©2-2% | Re Ao >0

2
p2 = p2+p5

I RO

The secondary excitation can be represented by the integral
[0 x+p9-2 2]
F(pl, p2)e dp,dp, (4.7
0 4]

where F is an amplitude function and the only requirement being that the integral
be regular throughout the region z > 0 .

The potentials appropriate in the lower half space have already been dis-
cussed in Chapter II and in the present problem, there is no primary excitation.
Each component of the vector potential, which must therefore be regular

and satisfy (3.20), can be represented by the integral

T io x4pay) 2]
1X7P2yT
S[g G(py. pye (4.8)

where 5
>L=|:2+%—ak2]1/2 Rex, >0

We are now ready to formulate the problem. It may be pointed out that

in the non-moving case considered by Sommerfeld, the z-component of A
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alone was sufficient to match the boundary conditions. In the present problem,
because of the motion of the dielectric in the y-direction, it is reasonable to

expect that the y-component will also be needed.

a) Upper Half Space

A =0
* [(p1xtpay)-2y2]
Ay = F (. p2le dpy dpy (4.9)
A= fg o e +F e e dp,dp, (4.10)
-0

where C = -iwu 0m/87r2 . The sign convention in the primary excitation should

be chosen so as to ensure the convergence of the integrals,

+ sign for 0 <z < h (Region 2) (4.11)
- sign for h <z < o (Region 1) .
b) Lower Half Space
A =0
@© E(plx+p2y)+7tlzj|
Ay = S SGy(pl, pye dp,dpy (4.12)
-0
i x ey z]
A = Gz(pl,pz)e dpldp2 . (4.13)

The problem can now be solved, in principle at least, since all the four unknown
functions can be determined from the following boundary conditions.

a) continuity of tangential E and H

b) continuity of normal D and B (3.49)
In Chapter III, where we considered the problem of reflection and refraction of

a plane electromagnetic wave at the boundary of a semi-infinite moving medium,
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it was shown that b} above follows from a) and Snell's law. This is also true in
the present problem even though we do not make use of Snell's law in an explicit
manner; because of the Fourierintegral representation, Snell's law in fact
enters implicitly. Now, let us compute the electric and magnetic fields.
a) Upper Half Space. The fields are obtained by substituting (4. 9) and
(4. 10) into (4. 2) and (4. 3) and differentiating under the integral sign.
2

ik i(p, xtpyy) . 2, (z-h)
ahre Ex= dpldpze - ip, Ce
-)\oz
- [ipl)ton'i'plsz)] e (4.14)
2 .
ik 2 i(p,x+pyy) N Ta,-h)
" E y= dpldpze T ipyCe
e 2 9 A%
+ Eko—pz )Fy—ipz)LOFz] e (4.15)
i ip.xpy) | 2. ™ (z-h)
—Ce-\\wpape * 7 {2C°
w z PPy )xo
) 2 _on
{p Fz-lpzony] e (4.16)
X i(p 1x—Pp 2y) ip 5 C f)\o(z -h) . -koz
= ip F + .
K on dpldpze )to © +E1p 2z Aoije (4.17)
i(plx+p2y) riplc t)to(z—h) -koz
=- i 4,
HoHy== ) | dpdpye ™ ° Tip ¥ e (4.18)
—m L
i i(plx+p2y) - A Z
_ ; 4.19
uH, dpldpze iplee :I ( )
-
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The sign convention is given by (4. 11).
b) Lower Half Space. Substituting (4.12) and (4. 13) into (2. 34) and (2. 35)

gives

[P102Gy 121 G,)] (4.20)

™ -
il«:za2 oW Qy E(p 1X*Pay )ty Z]
E - dp, dp
W 2
-
0

- = dp (&
w dp1dpz

N s

[(ak —p2)Gy+1p2)th;] (4.21)

Q0 >

_ ikzal2 E =e—iny do_d eE(p1X+p2y)+klz]
w Z pl p2
-00
2 1 2 .
[©;+: pp)c 4 )\lsz};l (4.22)
E'.(plx+p2y)+)\lz

_ 1 -iwQy
uHx— e g dpldp2 e

1,
-[a 1p2GZ—)\lG;| (4.23)

[(p (KHPY)IA 2 ]

[plGZ] (4.24)

(09}
1 -iwQy
= -= d
tu 5 e &dp1 p2
-0

1 -iwQy [io,xtp,30 7]
|1 : 2
uH = e dp, dp,e EplG;_] . (4.25)
-0

The disturbing factor e—1wa

appearing in (4. 20) - (4. 25) can be brought under
the integral sign by invoking the translation property of Fourier transforms
given below.
e ot g(t)= Gloto e Mdw (4. 26)
-
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where g(t) and G(w) are the Fourier transform pair

m -

G{w) = %{ ‘5 gitle “at (4.27)
(00)

g(t) =)'m G(w) eiwtdco (4.28)

-
Applying the boundary conditions (3. 49a), we obtain the following set of four
equations arranged in the order of continuity of Hx’ Hy’ Ex and Ey at z = 0.
The asterisk * indicates that the argument has been changed from py to (p2+w Q)

for instance 1/2
A =[ 2.1 ot Q)z-a.kﬂ etc
1 P73 P .

[ b . B B h - -
% Py M ogred ) iy
M M, pa b a y Ho

P lAO (p2+w Q) ‘lkl A0 —1—7\9
- - —_— G -
o o ' o
P ipgdy pptwl oyt ipg?o
-5 — 1) .2 G, 3
k k k“a k
o 0 o

(4.29) - (4. 32)
Before solving the above system of equations, we will verify that the boundary

conditions (3. 49b) are automatically satisfied. The continuity of DZ and BZ at
z = 0 yields
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ip ip —Aoh
—2F-—F+ 2)1G+— 2+—(p+wQEI =-C—p—

y
)\0 Mo Z ua ua P By 7\0
1w§27t
-F +[—“’Q (p2+wQ]G+ — G =0 .
y k Y k%

We note that these two relations can be obtained from (4. 29) - (4. 32) thus

(4.33) = ip, (4. 29)+pf(4. 30)

(4.34) = p2(4. 31)+(4. 32)

(4.33)

(4. 34)

Setting u = My solving the system (4.29)- (4.32), we get for the unknown functions

2Ce Mob

_ 2 2, 12,
Fy- —5 wap +p2 [(wQ) +ak“(1 ail

(4. 35)

-Aoh
_ Ce 2i [ 2 * 2 2 ov2.2 2 2
Fz = Xo i1+ 5 ko(a)toxl+p ak”)+a(l-a)k p2+p2wQ(p Pyw Q+ko)]}

(4. 36)
-A.h
% 2Cae 'O sk
Gy= - § A @ Q‘kz@z(l‘a)“*’d_]s (4.37)
-2.h
G*=a [Ce ° +F__l (4. 38)
Z A Z
(o]
where
iwuy m
C-=- 5
"8
and
_D 2 2, 1.2 27, 120 2vn 3 F op2 22 2
i—ko(p -ak“)+ak [( +p2) -ak ]-I-ako(1+n )xoxl +2k pow ©2 W) (pl k
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Thus our formulation in terms of the y- and z-components of the vector potential
does indeed lead to a solution. Evaluation of the infinite integrals is all that
remains to be done. It turns out that this is indeed a formidable problem in itself.
Even in the non-moving case, where a single integral is involved, closed form
solutions are not possible and the situation is much worse in the present case.
Before we take up the evaluation of the integrals, it is in order to present an alter-
nate formulation of the problem.

4.2.2 Method of Weyl, Weyl developed a method by which Sommerfeld's

solution for a dipole over flat earth could be interpreted as a bundle of plane waves
reflected and refracted by the earth at various angles of incidence. The alternate
formulation to be presented here would not only extend a similar concept to the
present problem but serve as an independent check on the results obtained in the
previous section. This is easily accomplished by changing the variables of inte-
gration in (4. 14) - (4. 25) to polar coordinates but first a few remarks are necessary.,

In Chapter III, where the problem of reflection and refraction of a plane
electromagnetic wave was considered, in order to facilitate analysis, we distinguished
between two kinds of polarization depending upon whether the incident electric
field was perpendicular or parallel to the plane of incidence, In the present problem,
since the dipole is vertical, lines of H in the upper half space are circles, hence
perpendicular to the meridian planes and every such plane is a plane of incidence
as shown in Fig.9. The electric field is, therefore, parallel to the plane of inci-
dence though not perpendicular to the direction of propagation, Our aim would then
be to show that the results of the vertical dipole problem are the same as those of
the reflection and refraction problem in which the incident electric field is parallel
to the plane of incidence.

In the last section, prior to the formulation of the problem, attention was
drawn to the fact that the fields in the upper half space are caused by a primary

excitation due to the dipole itself and a secondary excitation due to currents
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induced in the dielectric. Referring to Fig.12, one may also interpret these two
contributions as a direct field and an indirect or reflected field reaching an obser-
ver at a point P. With a view to express these fields as integrals of elementary

plane waves, consider the integral representation (4. 6)

1 ) :
% © = s e dp, dp, (4. 6)

. a0 :
lkoRl 1 S 1 E(Plx*Pzw _KO |Z—hD
1 (o)

-
Introducing polar coordinates defined by

P 1 = kosin & cos Bl

_ . (4. 40)
p2— k0 sin al sin Bl

where a is complex and Bl real, varying from 0 - 27, the above relation becomes

T
2 T .
ik R, ik T p3 1@ i[k_- pfk (h—z)cosa]]
1 o1 [} o = o
— e = — e a2 (4. 41)
Rl 27 1
0
where
+: 0<z<h
-: h<z<o
dQl= sin arldaldB1
ko p= ko(x sin @, cos Bl+y sin e, sin By (4. 42)

p= (Xzﬂz)lfz
and the path of integration in the complex @ plane is as indicated in Fig. 13.
The integrand in (4. 41) is easily recognized as a plane wave in the directions
., Bl; in fact (4. 41) represents the spherical wave function as a superposition of

plane waves with real directions for which 0 < a, < T

155 and complex directions for
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Imag

a. plane

m/2

—\\ +» real

FIG.13: PATH OF INTEGRATION IN THE @ PLANE

which ) is situated between 7 /2 and ;_r ~-i ., The latter correspond to positive
imaginary values of cos ; and therefore are exponentially attenuated in the z-
direction (evanescent waves). Moreover, in Region 1, @ is measured from the
positive z-axis and in Region 2, from the negative z-axis which is thus also the
angle of incidence at which an elementary plane wave meets the dielectric surface
as shown in Fig. 12,

Changing the variables of integration in (4. 17) - (4. 19) to polar coordinates
defined by (4.40), we get for the primary magnetic field

2w 7ér—ioo ikg(E+hcos ap)
=J j (1,1, 0)e dQ (4. 43)

H
P 1
0 0
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where

€ = xsina, cos /31+y sina

1 lsmBl—z Ccos «

1
C . .
I=- ;5? kcz)smalsmﬁl

1
L. C 2 (4.44)
2~ 7 % siney cos f; .
o
The integrand in (4. 43) may now be identified with the incident field (3. 84).
Similarly, for the reflected field in the half space z >0, we get
27 T i .
2 ikym
I_Ir=g S (Rl, R2’ R3)e dQl (4. 45)
0 "0
where
7 = X 8sin @, cos Bl+y sin @ sin Bl+z cos a;
_i .3 . .
Rl— E) k0 cos al(sm @;sin By F,-cos g Fy) (4. 46a)
R -1 k3 sina coSs @, cos B3 F (4. 46b)
2 g © 1 1€05P1 Y2 .
-1 3
Rg= B ko sina) cos a, cos Bl Fy . (4. 46¢)

We also note that

Rlsin @, cos Bl+stin alsin Bi+Rgcos =0 .

The integrand in (4. 45) may now be identified with the reflected field (3. 86).

Theprocess of expressing the fields in the lower half space in terms of plane
waves is slightly involved. By bringing the factor e‘iw 2y under the integral sign
in accordance with the translation property (4.26), the phase function will assume
the form o
Rkt (4.47)
where

Vi o2 2 o -ad]
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In order that the above may represent a plane wave in the direction . BZ in
the moving medium as shown in Fig. 12, we make use of the modified Snell's law

k sina, =k sin
o 1 a2

By =By
and since k satisfies (3.27) with 9t= a, ¢t = BZ’ we get

kl = -i K cos a2

the negative square root being chosen to ensure the convergence of integrals, The

phase function (4. 47) now becomes

ik | xsin «, cos B,ty sina sin f3_-z cos
. [xsina, cos g, PPy %] (4. 48)

which has the desired form. Using the above relations in (4.23) - (4.25), we get

T T -ioo
ik €
H = . 9
H, (Tl’ T2’ T3)e dey (4. 49)
0
where
¢ = xsin «,cos Bz+y sina,sin Bz—z cos a,
ikgcos al
=——— {; (ksinaysi + 4.50
Tl o S (Ksma2S1n32+wQ)GZ K cos asz (4. 50a)
ikicos a
- _ K si 5% 4.
T2 Y sin a,cos BZGZ (4. 50b)
ik(z) coS a
= ————— K si . 4.50
T3 - sin azcos Bsz ( c)

We also note that

T

. 2 . .
- - =
TlK SlnCYzCOS Bz (K Sin stln B2+(.O Q) T3COS CZ2 0

The integrand in (4. 49) may now be identified with the trans mitted field (3. 88).
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The electric field can be similarly expressed as integrals of plane waves and the
resulting set of equations for the unknown functions would be identifical to (3. 90) -
(3.95). This shows that the problem of the dipole reduces to the problem of

reflection and refraction.

4,2,3. Approximation of the Integrals: Asymptotic Forms. We are now

faced with the task of evaluating a series of double Fourier integrals such as

those in (4. 9) and (4. 12). The integrands involved in each case are too compli-

cated to permit even one integration exactly. However, in the present problem,

it is sufficient to obtain an asymptotic expansion because the first term in such an

expansion corresponds to the far zone field which is of major interest in a radiation

problem. One of the most important methods of obtaining asymptotic expansions

is the method of saddle points. The two-dimensional case has been discussed by

Bremmer12 and others . The results are
A(pl,pz)erf(pl, p2)dpl p,~ - 27 A —S asT - (4.51)

‘/A—s' s r

in which A is the Hessian determinant

o’ 8%t

ap? 9p1 9Py
A=

o2f %t

dpg0p; apg

and the subscript s denotes that quantities are to be evaluated at the saddle point

which is found by simultaneously equating to zero all the partial derivatives of f.
In the above integral A and f are assumed to be sufficiently regular and

its approximation is derived by replacing f by its Taylor series about the saddle

point and cutting off terms beyond the second order.

55



THE UNIVERSITY OF MICHIGAN
7322-2-T

a) Fields in the Upper Half Space. The primary vector potential is given by .

-iwp o ik R;

A _=A =0 e (4.52)

Xp yp Azp= 4:7rR1

where R; is the distance between the dipole source and the point of observation P
as shown in Fig. 14, The far zone (radiation) fields are found by substituting
(4.52) into (4. 2) and (4.3) and retaining 1 /Rl terms only. .

mk? ikoRl
Exp= -sin 6, cos elcos¢ P e(; ° R ]
mk2 eikoRl (4.53)
4re, Ry

Eyp=-sin 6,cos 6, sin ¢

1 2 ikoR
: aind 0o € 1
| E__=sin“f

| Zp 1 47 € R1

ik,Rq
(0] e

47 Rl

mu ikoR1
Hyp=—sin9 cos § Ko ¢

1 4 Ry

pr=sm Glsm¢

(4.54)

H =0
Zp

where 61 is measured from the positive z-axis as shown in Fig. 14,
Now, in the integral representations (4.9) and (4.10), Fy and F, contribute
to the reflected waves, Examination of (4. 35) and (4. 36) reveals that integrals of

the type given below are involved in each case.

i(px+p,y) X (z+h) ]
I- jS do @D, A,, p2)e[ 27" %o (4. 55)

-
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where

X = w21

We will now use the result given by (4. 51) to obtain an asymptotic expansion of I.
Introducing polar coordinates defined by

x=Rgsin fycos ¢
. . (4.56)
y=Rgsinfysing

(z+h)=Rgcos 69
where Ry is the distance from the image point as shown in Fig. 14, the integral

becomes

R2f
I= A(pl, pz)e dpldp2

where
f =| i(p,sin@,_cos $tpysin 6 sin¢)—(p2—k2)’ cos 6 .
1 2 2 2 o 2

Setting the partial derivatives equal to zero, we get

PocoS 65 7
of =[isin6 sin{ - 2772 1.9
P2

2 (p2 -k(z) _

Saddle point s occurs at

p;=k sinf,cos ¢

p2=kos1n 92s1n ¢
provided we take (p2 -k(2))]’/2= —ikocos 92 . A direct calculation shows that
A =- L

S k2c0s26
o 2
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and

i
VAT Tk cosd
[+ 2

The reason for choosing negative square root will be given shortly. Thus, the

asymptotic expansion of (4.55) becomes

Jon .
j S [1(pIX+p2y) -\ 0(Z+h)]
I= . Al p))e dp,dp,
. eikoRZ
~ kocos 62A(kos1n 6, c08 g, kosm 6,sin #) R, as Ry » o0 - (4.57)

As an example, consider the first term in (4.14) which corresponds to the primary
field, For z > h, we get 2
mk ik Rq
E_ = -sinf cos 6.cosff ——— e
Xp 1 1 47 eolél1
which is the same as that given by (4.53). Thus the negative square root in the
Hessian determinant has been chosen to yield consistent results. The contribution

due to the saddle point yields for the reflected waves

iwvpg m ikoRZ
o e 2 . . . 2, 2
Ayr= y R, D—S cos 62sm 92 {Q c sin 62+sm ¢ [(Qc) +an (l—a)_J }
(4.58)
-ippu m ikoRZ
_ 0 e _ _2_ 2 2
Azr— yp= Ry {l DS |}an sin 92)
+a cos 0, Emz—sinzezcoszyf- i (Qc rsin ezsin¢)2 l
2
—a(l—a)nzsinzezsin2¢—ﬂc sin 6ysin §(l+sin 6,+0c sinBysin ¢£| (4.59)
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where

DS = (a.n2 —sin2 92)+a.n2 l:a.—sin2 92 (a cos2¢+sin2 ¢)]

+a(1+n2)cos 62 Einz—sin2920082¢— }1 (Qic +sin 62sin¢)2]1/2

-2Q¢sin 92sin¢—(Qc )2(1-sin262cos2¢) }

(4. 60)

The fields can be obtained either by applying the saddle point method directly to

the integral representations given by (4.14) to (4.19) or by substituting (4. 58) and

(4. 59) into (4.2) and (4. 3) provided the differentiations are replaced according to

the following scheme.

3 _ o . N
ool 1kosm62 cos ¢
é;= ikosiné)2 sin{ T
J _ .

5 1k0c0562 . J

The resulting expressions are too lengthy for the general case.

only two principal planes, namely the xz and yz planes in detail.

Case 1: § = O (upper sign) or ¢ = 180° (lower sign)
Primary Field

pr =0
muk ikoRl
H =Zsin6 > £
+ 1 47 R1
Hzp =0
mk2 ikoRl

E =;sin6 cos 0
Xp

1 1 47r€0 R.1

E
yp=0 9 .
mk 1koR'l
E = sin2¢91 ° ¢
zZp 47 60 R1

60

(4.61)

We will consider

(4. 62)

(4. 63)

(4. 64)
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Reflected Field
. \ , lkoR-z
er 5 B(n -1)sin ezcos 62 y R (4. 65)

2

- 2
H =¥sin Gzﬁl— < [nz(l—ﬁz)-(l— zﬁz)sin292+(1-ﬁz)cos 6

2 muk ikoRZ
[n—ﬁ -sinzez:rﬂ ] o ¢ (4. 66)
1- 32 47 RQ

H =+H_tano, (4.67)
E - cosp. H _lﬁ';_ (4. 68)
XT 2 yr we
2 ik R
0 ) r S o 2
Eyr— "R B(n“-1)sin OZCOS 92 p 60 Rz (4. 69)
kO
=+ —_—
b, sin 92Hv - (4. 70)
where 2
N=n2(1-£2)-(1-n2B)sin205Hn2- B2 cos 20, H{1-F%) (1+n?)cos ‘92‘:n _522 'Sinzezjw
1_
(4.71)

which is the same as (3. 75a) with Gi=62. Moreover the above results, apart
from constant factors, are the same as those in Chapter III, Section 5 for the
case §;=0

For numerical calculations the above results can be put in more convenient
forms. Making use of the following approximations for points of observation
remote from the dipole source (See Fig. 14).

0 = 92 =0

Rl:: R-hcos 6 (4.72)

RzzR+h cos 6 ,
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the total electric field in the upper half space in spherical coordinates (R, 6, ¢)

is given by

E =0
R -ikoh cosé
E 6=—sin6§e +e

+(1- Bz )cos@ ( —‘B—Z-smze)]/z]]

5

E¢ =3 N(G) B(n -1)s1n290050

ik hcos@
]

kOR

47r€

mk2 jkao(mh cos0)
4m TE R

Case 2: ¢=90°(upper sign) or ¢#=270° (lower sign)

Primary Field;

+ . o €

pr= _sin 61 o R

2

ik R;

o]

1 1 47 €
(¢)

ik R
mkgeko 1
147reo R

mk
E =t+sinf, cos b
yb

E =sin29
zp

1

Reflected Field :

R

mk eikoR‘z

i _ 2F
er— _sin 92 I: 5

4 R

(n cos92+F) 2

H =H =0
yr zr

E__=0
Xr

62

l—I%e)[nz(l-Bz)-(l—nzﬁz)sinZO

(4.73)

(4.74)

(4.75)

(4.76)

(4.77)

(4. 78)
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2F ] mkg eikoRz
)

Eyr= + sinfycos 62[1 -

(4.79)
(nlcos 69+F an o Ry
2 ik R
.2 2F mk, e ot
Ezr_ sin“f, [ 1- ) " (4. 80)
(nzcos 62+F) T 2
where 1/2
2_
F =|:cos292+ 1 ;2 as Bsin()z)z:l (4.81)
1-

Once again, we note that the above results, apart from constant factors, are the
same as those in Chapter III, Section 5, for the case ¢i = 90°.

Using the approximations (4. 72), we have for the total electric field

E=0 _—
—1k0h cosG 1k0h cos 9 2F(6) mko o oR
E6= -sin@ -3 4 R (4. 82)
n cosg+F(0 T
E ¢= 0

b) Fields in the Lower Half Space. The unknown functions G and G in

(4. 12) and (4. 13) are related to Gy and G given by (4. 37) and (4. 38) as follows

Gy(pl, p2)=Gy(p1, Py-w$2)

(4. 83)
G, Py)=G ), py0 )
A convenient set of polar coordinates in this half space are
x = R siny cos ¢
y = R siny sing (4. 84)
z = ~-Rcosy

where ¢ is the angle shown in Fig. 14 and R, ¢ have their usual meaning. Due

to the presence of the factor e ol in Gy and GZ , integrals of the following type

63



THE UNIVERSITY OF MICHIGAN
7322-2-T

are involved in the determination of A and Az.

a
Rf(pl, p,)

I= S j A(pl, pz)e dpldp2 (4. 85)
<
where

f= [i(plsinw cos ¢+pzsimp sin ¢)—Alcos¢/ - % Ao;l

. 2 2o
Ao:::[p t (pz-wQ) -ko]
and 2
2 P32 2 /2
A =E> + —-ak
1 L1 a

In order to obtain an asymptotic expansion of (4. 85), we first determine the
saddle point of f. Setting the partial derivatives equal to zero, we get

A isiny cos §- s - i =0
8p1 A‘l R A'O:::

pzcosl// h(p2-w Q)
—— = isiny sin - - =0
T A TR

The solution of above when h 7& 0 is quite difficult and will not be considered here.
When h = 0, we get

p,=a k(R_a) (4. 86a)
7 4
py=a’k( R, ) (4.86b)
provided we take
RN
)tl— ia"k( R, ) (4. 86d)
where
Ra=(x2+ay2+zz)l/2=R [sin2¢(0082¢+a sin2¢)+cos2ﬂw ) (4.87)
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At the saddle point

2
Ry 2
As—-(asz)
12 Ry
fs-la k(—R—) .

For consistent results, we take
= - _.._i_ 3 2 2 : 2 2
JZ‘S Kcos ¥ [sm y(cos4@+a sin“ff)+cos ﬂ

Using (4.51), the asymptotic expansion of (4. 85) becomes

n'
Zwakcost//A(a]/ka/Ra, aslzky/Ra)ela kRy
I~

asR > (4. 88)
i [sinzxp(cosnga si n2¢)+0052(//] R
Since, as in the case of upper half space we are going to consider the fields in
the two principal planes only, the asymptotic expressions of Ay and AZ for the
general case will not be given here. It may be noted that when using (2. 34) and
(2. 35) to determine the far zone fields, the differentiations are to be replaced

according to the following scheme.

R 3\
1a

k(%)
a

12¥? (L # (4. 89)
Ra

Slo &l %’lm

=ia1/2k (Ri) J

a
Case 1); h=0, #)=0 (upper sign) or @= 180°(lower sign).
. ia]7,2 R
A - iwpe™ ¢ ™o 2a3/2n(n2—1)B
D (1-n?f?)

12

v P R cos a]’lzm-cosd/ 1—(Qc)2—a_nzsin2¢£|

(4. 90)
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ia],znk R
iy m o 52_2
_ o e 2a’ n 121 a2 .2]w
Az-- o = —5 coswincoswﬁa. [1((20)2 an sin }
(4.91)
where 1/2
D=n E:oszz,{ﬁa—(ﬂc)zcoszw-a2n2sinzw] +al/2(n2+1)cos¢/ [1-(90)2—an2sm2¢ﬂ
(4.92)
The magnetic field is given by
ink0
H = cos Yy A 4.93)
X aﬂE v y (
Ko
ink,
H =73 siny A (4.94)
vt Tz_a VA
7
o
+ ink
H = siny A . 4,95
2 - OB v . ( )
al u

A point worth noting is that the above results cannot be obtained by substituting
9t1= ¥ in (3.99) to (3.101); Ott has drawn attention to it for the non-moving case.
The electric field is given by

iw

=+ Wy
Ex A sin y cosy Az (4. 96)
E =iwA (4.97)
y y
_lw . 2
EZ == sin x[/Az (4. 98)

or in spherical coordinates

- 4.99
Ep Om ( )
= Mo 4.100
E, S sin YA ( )
E,=TivA . (4.101)
¢ y
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Case 2): h=0, #=90°(upper sign)or #=270%(lower sign)

: i#2nk R
_ Hou,m e1 nkoRY 2a3f2n cosy | Q¢ - na3/z 2 ]/2
Ay— el R . p 3 S Ecos v E—(Qc T 7 siny) ]
+n [avzﬂc ¥ nEa-(l-a)sin (/Zl} (4.102)
12
. ia’ nk R{
. ot M e ° 23,5/2 ncosiy n2
Az_ a7 R ) 2 Ecosw
¢y D
32
+E-(nc 2227 Sing) [a]/zn I Ecs.im/] (4.103)
] 4
where
2 32 32 12
D=n- 3—’2‘ sin%y mE—(ﬂc Il smw)ﬂmlfz(lmz) c(-’ﬂ/’E—(Qc I sin//)z:l
7 7 Z ¥
(4.104)
T= |cos 2¢r+asin2¢/] 1/2 (4.105)
The fields are given by
ink
- 0 + . -1y
Hx avzl_,_o-gl:cos v Ay : sm(//AZ] e (4.106)
H =H =0
y Z
E =0
X
_:,, COS Y +as -iwQy
Ey i z 5 cosd/Ay _sml,l/AZ—]e (4.107)
“lwQy (4.108)

E = iy §ln—"’[:simpA fcospr]e
Z I 2 z Y.
or in spherical coordinates

E_=0
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E singA_ coswAy:l (4. 109)

o

c) Fields in the Free Space Side of the Interface for Low Velocities. The

asymptotic forms obtained thus far have certain limitations. First of all, since
the expansions are only up to the first order term, they are of no avail should
the coefficient of this term vanish. This is precisely what happens when the
point of observation P moves very close to the interface as shown in Fig. 14 and

is far removed from the dipole. In such a case

elz 922: 6=

R1=R2

NIy

(4.110)
and substituting the above in (4. 52), (4.58) and (4. 59),  we note that both the

components of the vector potential, hence the fields, vanish. Next consider the

expression under the square root sign in (4. 60). Substituting for a and £,

+ 32 ZJE—sinZGJ (4.111)

which becomes negative if total reflection occurs. This would give rise to com-

rearranging, we get for this expression

(1 -Bsin @sin ¢)2

plications which go much deeper than just making the amplitude of the reflected
waves complex, To get an idea of the nature of these complications, it is im-
perative that we examine the method of saddle points in greater detail. While
distorting the given path of integration into the path of steepest descents througl:
the saddle point, one might sweep across the singularities of the integrand. In
such a case, the path of integration must be deformed to avoid the singularities
and in the final result their contributions included. These difficulties also occur

13,14
in Sommerfeld's original problem and have been thoroughly discussed by Ott ",
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In the present problem, it is almost impossible either to obtain higher order terms
or to examine the singularities because the integrands are unwieldy, and a

double integral instead of a single integral is involved. The situation eases con-
siderably if one integration can be carried out exactly. We will, therefore, make
some reasonable approximations to achieve this. First, a and Q2 are expanded

in Taylor series about =0

2
2= B2 E )

1 ,32 1 (4.112)
a=— = 1+n?-1)B+ - - - 32<—2
1-n 32 J n
For low velocities, it is sufficient to retain only the first term, so that
Q= (@2-1) 6@
(4.113)
ax=l

Making use of these approximations in (4. 35) and discarding higher order terms in

B, we get . h
2ijQOp2e Ao
Fy;:: 5 2 (4.114)
ko(A+n )\0) (A+7to)
where
A=02+20 0, p 2
2 B
Q, = 1)C (4.115)

ECEE) L
Because of the troublesome factor 2 onpz occurring in the denominator, the
above still cannot be integrated over one of the variables. Expanding the
denominator in Taylor series and retaining only the first order term in 3, we

get
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2 _koh
2ijQop e
Fyfx, 5 (4.116)
KO A ) )
o (6} 0

which is the desired low velocity approximation. Similarly from (4. 36), we get

9, 2
~Aoh AP )
F gcek 1- 22" -Zonpz[ 0 > . (4.117)
z o XA KA o)(x+nzxo)

Substituting for Fy and F, in (4.9) and (4.10), introducing polar coordinates
defined by

p1=p cos v, p2=p siny }
X = pcos P, y =psin(

where p is the cylindrical distance and making use of the relations

2r
o7 JO(Z)=§ elZ cos (V_¢)dy

(4.118)

(4.119)
2m

27risin¢J1(Z) = S siny elZcos(v—¢)dV
0

where J stands for the Bessel function of the first kind, we get
wi mB f" X X -\ (z+h)
o o
Ay=
2w k )

o 3
3 5—J_(Poe p°dp (4. 120)
(o]

Ao
(o)

i m R kRe 25 pp - (zh)
AZ=- y - +2n 5 e pdp:]
R, Ry (+n )

Lowgmg [ B e atno - A (z+h)
sin @ i 2

4 d
5 Jl(pp)e p dp

27 3
ko A(A.'i'n AO) (4. 12 l)

The range of integration can be converted from -o to +w using the relations
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. 1 1 +1
3 o p" ep= 1 Hfl)(pp)...pn dp (4.122)
0 -0

where - - -denotes any arbitrary function of p2. It may be noted if 8= 0, Ay=0
and only first three terms in A, remain which checks with known results. Let
us consider the first integral in Az

® Jo(pp) -){o(z+h) 1 0 Hf)l)(pp) -ko(z+h)
Il: 5 € pdp =§ 5 e pdp - (4.123)
(na ) o (A+n )to)
Approximation of the above integral has occupied the attention of several inves-

tigators beginning with Sommerfeld . Besides, Ott13’ 14, Nomu:ra15 has given a

thorough treatment and we will draw freely from their work. Similar approxi-
mations can be carried out on (4. 12) and (4. 13) which pertain to the lower half
space. There is no need to give the complete expressions here but it is enough
to note that the exponent will be of the form

2 . 2\12
UK 2 Az (4.124)

The integral I; will now be transferred to a complex u plane defined by
p=k°Sin“: M= u1+m2 * (4. 125)

For the path of integration L running from-ﬂé +H o to g -

shown in Fig. 15, it is necessary that we choose

ioo through the origin as

A = -ik cos u
% ik 12 12
A= —iko(nz—sinzu) , Im@®-sinu) "> 0

so that (4. 124) is bounded as z - . The integral now becomes

iko ik (z+h)cosu

Il= 5 fA(p)H(;)(kopsinu)e ° sinu du (4.126)
L
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where

CcOS
A= L

5 w= (nz—sinzu)]/2
(n cospu+w)

Let us now examine the singularities of A{u) in the strip -7g My &7 . For
convenience, we will consider n as being complex. However, this does not imply
that the results obtained thus far can be extended to moving conducting media
because certain points in their electrodynamics have not yet been fully resolved.
The singular points of A are:

a) Branch points of wdefined by sin u = T n; since sin u=sin(r -u), there exist

four in number v_,v_,v_ and v, of which v, and v, can be considered as the

1723 4 2 4
reflection of A and \£ about the origin. For real values of n the branch points
lie on the real axis if n 1 and on the vertical lines 2N + 7§T if n>1. Corres-

ponding to the two combinations of signs of w, the integrand is double valued
and its Reimann surface has two sheets. These sheets are connected with one
another by the branch cuts along the lines Imw=0 running from the branch points
to @ as shown in Fig, 15 for the case |n|<1. If n is real and is less than 1, the
branch cut emanating from v, degenerates into a portion of the real axis from
-sin~1n and the origin and the negative imaginary axis. Similar remarks apply
to the remaining branch cuts. The upper (lower) sheet is specified in which
Imwis greater (lesser) than zero. The path of integration L lies on the upper
sheet.

b) Four poles of first order obtained by setting the denominator equal to zero.
A simple calculation shows that the poles are given by

siny =T —2 . (4.127)

Whether they lie on the upper or lower sheet can be ascertained by examining the
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w
- p
cospu =-—m— - (4. 128)
P nl

Let

n=|n|em, 0<cz<7—r

(l+n2)=|l+n2|e213 y Bla

then
w = gl i(2a-p)
Since Im wp> 0 in the upper sheet, we have to choose the positive sign, so that
w w .
—g = —g e_IB in the upper sheet.
n n

Substituting in (4. 128), we get

cospu =- e_lﬁ, 053<g

p

Yp
2

Since

cosu=cos(ul+ iu2)=005u1 coshu2—i sinulsinhu2

the position of the pole in the upper sheet is given by

Thus when n is real the pole lies on the real axis between 7 /2 and 7, coinciding
with 7 + i0 when n = 0, moving left as n increases and approaching 7 / 2 +1i0 as
n > . The inverse point is also pole lying on the upper sheet. This completes
the discussion on the singularities of the function A in (4. 126)

In order to proceed with the saddle point method, the Hankel function in

(4.126) is replaced by its asymptotic value
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+
i(z-2+
z® (Z)~/3— e 4 (4. 129)
n VA ’
and introducing polar coordinates defined by (4. 56) we get
e -imfs ikochos(p—Gz)
Il= 1 F(u)e du (4. 130)
(27rkoR2s1n62) L

where

Fl) = cos u (sin ”)1/2

1
nzcosu+(n2~sin2u)72

The exponent
1kochos(u—(92)=k0R2 s1n(ul-92)s1nhu2+1cos(pl—ez)coshpz]

has negative real part in the hatched area of Fig. 15 (;7r+62<u1<6 above and

2

0 <u.<r+6,, below the real axis) in which the above integral converges. A

271 2

simple calculations shows that the saddle point is given by us=9 and the path of

2
steepest descents is given by

Re cos(/.4—92) =1, i.e. cos (;11—(92)005;12 =1

and is denoted by LS in Fig. 15. As the angle 92 varies from 0 - = s LS just
shifts parallel to itself. Let us now find out what part the singularities of A in
(4. 126) play in the process of distorting the given path of integration L into the
path of steepest descents L.

If n is real and less than one, a finite portion of Lg would lie on the lower

sheet (indicated by broken lines in Fig. 15) for Gz(sin'l

n. Since the condition
Im(nz—sinzu)]fz> 0 is not needed in (4. 126), this is of no consequence. However,
if 09> sin"ln, the path of integration will have to go around the branch cut from

13

V1 (details about which can be found in Ott's ¥ work). The branch cut integrations

are not important in the present problem; hence will not be included . Similar
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remarks apply when n>1 . Regarding poles, from previous discussions it is

clear that none is swept across unless 69 > = /2 and n >> 1 when the pole and the
saddle point come arbitrarily close to each other. ott!4 and van der Waerden 16
have presented a modified saddle point method to take care of such a situation.
Their results are not needed here since the dielectric medium we have in mind

is an ionized gas whose index of refraction will be less than unity. Thus, for

the present, the singularities of the integrand in (4. 126) play no significant part.
To get an idea of the fields in the free space close to the dielectric, it is necessary
to carry out the saddle point method of integration up to second order terms. Fol-

lowing Ott14, we make the following substitutions

u-92=t

cost=l+is2
and taking

s=+2em/4‘sintT2
we get

ik R_cos(u-6.) ik R.-i T @ 2
-6, i = )
Fu)e ° 2 du=/§-'e 02 4 e Kos F(“)t ds
L COS =
s -0 2

One now expands the integrand in power series in s and integrates term by term

to obtain
i - }_7_'. 1"
o elkoRZ y [F(G )+G (92) co 1 {I
2’5k R )
koR2 21k0R2 Rg
where
Fu)
COSQ(I.L-GZ)

Substituting in (4. 130), we get
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elkoRz G"(6,)
11~ _ 5 F(92)+m—R—- (4.131)
R _(sinf_) o 2
2 2
and for 6, %7 ]2
—in2 elkop
I~ 2. "2 (4.132)
ko(l'—n ) Jo)

where p is the cylindrical distance. The remaining integrals in (4. 120) and
(4.121) can be approximated in a similar fashion. The final results are given by

™y ik, p
OB n2+1 € °
A T 2 (4.133)
v ™0 (n _1)1/2 Pz
ik _p
mup o
o 1 4 5.4 2 . ]e .
Az_ 21rk0 (1—n2) [n (2n +1)Bsin g (4.134)
The fields can be determined from (4. 2) and (4. 3) bearing in mind that
\
%—x = ik, cos ¢
= -k sinf (4. 135)
ay o .
8 -
oz o . J

This completes the solution of the problem of the vertical dipole over a moving
medium,

4.2.4 Numerical Results. For polar plots ,|E 0' and |E ¢ | are given by

2 —
ol = Fg"o (4. 136)
IE¢|2 = E¢f¢ (bar denotes conjugate) .

These are depicted in Figs. 16 - 21 forn = 2 and n-= 0.5. In the course of
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numerical calculations uncertainty regarding the sign of the square root has been
resolved in the following manner, Take for example the expression for E6

given by (4. 73). The quantity under the square root also happens to be the wave
number k of the transmitted wave in the problem of reflection and refraction
discussed in Chapter III. In order that fields may not become infinite it is clear

that a positive square root must be chosen, i. e.

2_ 2_
( z 32 - sin29)]’,2=i (Sin29— 11_[3_2_ )]'/2 ) (4.137)

1-@ 1-g

The symbol X in all figures stands for wavelength in free space and should not be

confused with the same notation used elsewhere,

4.3 Horizontal Dipole in the Direction of the Velocity

4. 3.1 Fourier Integral Method. In the non-moving case considered by Sommerfeld

both y and z-components of the vector potential were needed to satisfy the boundary
conditions. The same is true in the present case and the method of solution is
similar to the vertical dipole problem,

a) Upper Half Space:

A =0
X o
o Uo(z-h) -2 ) il xtp,y)
= — + 4, 138
Ay S X, e Fye e dpldp2 (4. 138)
o
Q0 >
E(plirpzy)-XOZJ
A= ||Fe dp,dp, (4.139)
-
where
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N
iwgu,m
87r2 ¢
2 2
= - R 0
A,=0 0)1/2’ ero% (4. 140)
+:0<z¢h J
-: h{z{oo -
b) Lower Half Space:
A0
ao X
wo (e [iexipy+rz] o
v ye p,dp, (4. 141)
-0
@ -
A E(p1X+p2y)+A1%] ;
- Gz e dp1 p,, (4. 142)
-0
where

2 1 2 2
)\l=(p1+5p2—ak)]7,2, Re)\_l),O.

The continuity of Hx’ Hy’ EX and Ey at z = 0, yields the following set of

equations.
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1
0 - —
Ho
P 2 _ 1)\o
2 T2
ko k
P2 iPyA
-5) 2
k k
(0] o

+
p2 w2

K2 a2

Pyt g
E— (—kT_ )

-i(p2+ws2)

pa
ua

-iA

k®a

i(pzmﬂ)xi‘

k2 a2

(4. 143)-(4. 146)

We note that the system matrix is the same as in the case of the vertical dipole.

Setting u = Mo solving for the unknowns, we get
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F - ce Mol 1+2[k2( 2) ) p2-ak®)+a(l-a)kp’ 2 K2

y A D Ko (e A 9 -al ) all-a)ipy 1p,u0p®sppunic |

(4.147)
-Aoh
_2Ce 22 2
Ah

«%_ 2iCae Ao 2, % 2 *
Q== — {k.o()t1+an )LO)-*pzwml} (4. 149)
G =aF_ (4. 150)

where D is given by (4. 39) .

4. 3.2 Approximation of the Integrals - Asymptotic Forms

a) Fields in the Upper Half Space: The primary-vector potential is given by
ik R
o1

A, =0 (4.151)

_i(q,l.om
A =0 A = 4&om
0, yp 4 7Ry ©

and using the asymptotic formula (4.57), we get for the reflected vector potential

A =0
XT
-y m ikoRZ
o e 2 .
A 1‘= I R 1- F [(a.nz—smzez)
y 2 s

+an®cos 0q l:an2 —sin262c0s2¢—§ (Qc +sin ezsinyl)z]l

-a(l-a)nzsin2 stin2¢—ﬂ c sinezsin¢(l+sin262+§20 sinezsingﬂ (4.152)
ity m ikoRZ
o e 2 2 2 . .
Azr— o R © § cos ezg(a n 1)sm9281n¢
2 s
L2 2 . , —|
-Qc |l4sin” 6, sin g+oc sm@zsmgl 3 (4.153)

where D is given by (4. 60).
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The fields in the two principal planes are given by:
Case 1): §=0 (upper sign) or §=180°(lower sign).

Primary Field:

\
Exp=0
mk2 1koRl 9
E =—°¢ (4.154)
yp 47r€0 Rl
Ezp =0 J
lo e1k0R1 w
H = COSGl —4;—' Rl
>
H_ =0 (4.155)
ik
P . mwko el oRl
H = sinf
zp 1 4x R1 J
Reflected Field: .
. mk(z) elkoRZ
= 4.156
r B(n -1)sin6ycos“0y y c R, ( )

E = 1-—[2(1 Bz) -(1- n232)51n292+(1 Bz)n cos92

Ry
[_1 e _sin 9] /Z] 4ﬂ€ (4. 157)

E =1E_tang (4.158)
zr Xr 2
L
H =-cos. — E (4.159)
Xr 2 (410 yr
; ik R
H =] 2 B(nz—l)sine cosf 0o e’ ’ (4. 160)
yr T N 2 2 4g R,
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k

H =tsing. > E (4.161)
zr 2 WH, YT

where N is given by (4. 71) .

Making use of the approximations (4. 72), we get for the total electric field
in the upper half space

ER=O
i +
mki e1ko(R hcos®)
4 =- 4.
F6 N(6) B(n -1)sinfcos0H o Te, R (4. 162)
-ik hcos@ ik hcosé
E¢= “_L e © +e © E—ﬁ% Elz(l-Bz)-(l—nZBZ)sinze

1kOR
-sm29) /Z] - (4.163)
BZ 47 €,

+(1- Bz n cos9(

Case 2):¢=90°(upper sign) or ¢=270°(lower sign).
Primary Field: .
mwko elkORl

1 47 R (4. 164)

H =-cosf
Xp

H =H =0
yp

(4. 165)

v

E_ =, sing cos@
zp

o
1 14re, R1
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Reflected Field;

] ik-R
H -I-L coso 0 eko :
XT 2 F 247 R

+
n cos, 2 (4. 166)
H =H =0
yr zr
E =0
Xr kR
i
oF g K, 02 .
E r=— l—?— cos 92 n R (4.167)
y n cos92+F T 2
mk ikoRZ
_+|,_ _2F . o € )
Ezr _|:1 - _Jsmezcosez yPs R (4. 168)
n 00392+F o 2

where F is given by (4. 81).
Making use of the approximations (4.72), we get for the total electric ficld

in the upper half space

E_=0 .
R -ik hcos@ ik hcos6 mk-2 lkoR
_+t o o} 2F(6) o e
EG— _cosfie -e 1- 5 e | (4. 169)
n cosG+F(0) T
E,=0.
¢

b) Fields in the Lower Half Space. As in the case of the vertical dipole,

the problem of obtaining asymptotic forms for the fields when h 7& 0 is extremely
difficult. The results when h = 0 can be obtained by using the formula (4 88).
Case 1): h=0, ¢§=0(upper sign) or ¢=180°(lower sign).
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. 1k
iwpg m ia’"nkgR 32
A = o e ] 2a ' ncosy coswﬁ—(QC)z_]
y 47 R D 1P
ﬂ]fzn [1—(9 c)2—anzsin2(//] (4.170)
TATIPS ¢} ialfznkoR 32 2
o e ) 2a'n (n -1)Bcosy

. (4.171)
. Z 4 7 R D (1_n2ﬂ2)

) where D is given by (4.92). The fields can be obtained by substituting the above
into (4. 93) - (4.101).

Case 2): h=0, §=90°(upper sign) or §2$=2700 (lower sign).
-ty T eiall‘znkoR g 2a3/2
y 47 ) R )

3 If2
2ncosw cosy . a]ﬂn I:l'(Qc N a nsint//)zj
7°D gz ¢

32
+ SEcos y(Qe ¥ a_n
7

sin y) (4.172)

g
- ik R . 5 3
N lwp m ia’'nk, !47 2271 cos )+ (aznz'l)simp-gc E‘lﬂm na?’

. 2
i - sin® ¢
z 4r R .5..”-2 D IZ

z 2Cgn ¢7_] (4.173)
]

where D and ¢ are given by (4. 104) and (4. 105). The fields can be obtained by
substituting above into (4. 106) - (4. 109).

c) Fields in the Free Space Side of the Interface for Low Velocities. The

procedure is identical to that used in the case of the vertical dipole. For small

velocities; 9
-Agh 9 20Q A pp
F 2 - 2A 0o 2 (4.174)

w73
Yo Mo 1))
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-Lh ) 2

2iCe AO (Ao A) ko w Qo
Fe—73 Po™3 B 5

ko (An ) A ) A )

(o] 0 (o]
0 A,A X

Py, [ 5 + ‘] : (4.175)
A2 ) AR ) tn?,)

Substituting in (4. 138) and (4. 139), introducing polar coordinates defined by (4. 118)
and making use of the relation
2
f sin2v eizcos(v_wdv= T EIO(Z)+cos 2¢J2(Z):I (4.176)
0
in addition to those in (4. 119) , we get

iwuom eikoRl eikoR2 ® Jo(pp) —%(z+h)
Ay- p I: - +2.g —__()&7\) e pdp]

Ry Rg
o~V -2\ (z+th)
Bsin ¢ H ——J,(pe % p4dp]

)x()L-i-n A, )
(4.177)
1wu m (N W mp ? o
z Sln¢f J mp)e_%(Z+h) pzdp _ 27r0k j . .
27Tk )\+n X ) Y (A o)
9 @
. 'Ao(z'*‘h) WOmB(n _1) j‘[ A’O—X
J (pple pdp -
0 ark, ()
+ Ao 5 ] |§Io(pp)+cos2¢J2(pp)] e_AO(ZHl) p3dp
AL ) A2,
(4.178)

92




: THE UNIVERSITY OF MICHIGAN
7322-2-T

Carrying out the asymptotic expansions up to the second term, we get for 92x7r /2

mp 5 olkop
A= —>= I:].+B(1+n )sin¢] — (4.179)
y 27rko(1—n2) p
- e, (1+n2) [sin¢ N B _2 Bsin2 ¢:| eik"p ) (4. 180)
2 21k, 22 Le21)  Pon) o

This completes the solution of the problem of y-directed horizontal dipole over a

moving medium,

4, 3. 3 Numerical Results Polar plots ot] Eel and |E¢| are depicted in Figs.

22 - 28 for n=2 and n=0. 5. In naming the figures, the words "y-directed horizontal

dipole" have been abbreviated to 'horizontal dipole" .
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CHAPTER V
CONCLUSIONS

From the study undertaken in this work, the following conclusions can be
drawn.

5.1. When a plane electromagnetic wave, traveling in free space, strikes
a uniformly moving semi-infinite dielectric medium, the incident, the reflected
and the transmitted waves are coplanar and the angle of reflection is equal to
the angle of incidence. However, Snell's law, hence the angle of refraction, is
modified. The reflected and transmitted waves possess components not present
in the incident wave and furthermore when the incident wave is polarized with its
electric field parallel to the plane of incidence, there is no angle of incidence
(Brewster's angle) for which the reflected wave vanishes. An exception to these
results occurs when the plane of incidence is parallel to the velocity. In this
case, there is a strong resemblance to the non-moving case.

5.2. The problem of an oscillating dipole over a moving medium can be
formulated in two ways. In one, Fourier integral representation of the vector
and scalar potentials are employed and in the other, the electric and magnetic
fields are expressed as integrals of elementary plane waves. The latter for-
mulation has the merit of emphasizing the connection between the dipole and
reflection-refraction problems. The solution by either formulation is in the form
of integrals which cannot be evaluated in closed form. However, using the
saddle point method, asymptotic expansions can be obtained. The first term in
these expansions corresponds to the radiation field and from the numerical
calculations, it is observed that in order to produce any perceptible change in
the radiation patterns, the velocity must be comparable with that of light.
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Finally, we would like to suggest some allied problems for future research.

The case of the magnetic dipole over moving medium is a straightforward
extension and the complementary problem where the sources are located in the
moving medium should not prove to be too difficult. Extension of any of the
present results to lossy dielectrics is altogether quite a different matter

since some delicate questiors pertaining to the electrodynamics of conducting

media in motion need to be settled first.
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APPENDIX A
POINT CHARGE IN MOVING MEDIA: CERENKOV RADIA TION

The problem of a point charge in uniform motion can be successfully
treated in two ways. In one, the frame of reference is chosen to be at rest with
respect to the medium whereas in the other, it is chosen to be at rest with res-
pect to the charge. Nag and Sayied1 used the latter approach to derive Frank and
Tamm's formula for Cerenkov radiation. Using the same approach, we will
now show that the fields can be derived in a more direct and simpler fashion,

In the case of the moving medium considered in Chapter II, for an observer in

the unprimed system, the fields due to a point charge q located at the origin
satisfy

VxE=0 (A.1)

VxH=0 (A.2)

V. D=q §x) &(y) 6(z) (A.3)

V-B=0 (A.4)
Introducing vector and scalar potentials defined by

B=VxA (A.5)

E=-V{§ . (A.6)

Nag and Sayied have shown that

2 24 2
a—g-rlé—g+a—%=-—q—<5(x)<‘3(y)<s(z) (A.7)
ox a ay 0z ae -
A =0, A =-Q@, A =0 (A.8)
X y Z
where
a= 1-p° B= ~
1—n2;82 ¢
Q= (nz-l)B , n= ( HE )]ﬁ
(1-n?f)ec Ho %o
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The solution of (A. 7) when a >0 yields the usual Lienard-Wiechert potentials.
The case a<0, i.e. n2f32 > 1, corresponds to the Cerenkov effect and a formal
solution is still possible if one recognizes that the form of the equation now
resembles a two-dimensional wave equation the Green's function of which is

17, we have

2a® et VRt

_ q
4Tac€ E.VZ_(X2+Z2)]1/2 ’ A.9)
2)1/2

known, Following Cohen

¢

=0 if f al/2y<(x2+z

where a = |a| and + sign gives retarded, and - sign advanced potentials and
the physics of the situation helps us pick the correct one. Since the Cerenkov
cone trails behind the particle, it is clear that the retarded potential is appro-
priate when the velocity is in the positive y-direction and advanced potential for
the negative y-direction.

Since (A, 1¢/ c) transforms like a 4-vector, we have in the primed system

~1/2
#= v Gva )= 2o [vtn®- (202

i (vt > (2 g2-1) Y2 (12412 Y2 (A. 10)
= 0 if (vt (2B 224212y 2
and
v o - B
Ay v (A " )

n-v '

=3 g . (A.11)
C

To the primed observer the charge appears to move in the negative y' direction
and the potentials are given by (A. 10) and (A. 11) when the velocity exceeds the
critical value ¢ /n. These formulas check with those of Frank and Tamm,

Further, it may be noted that the potentials in the primed system satisfy the
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gauge condition
2
n BQ'
v! - BN =
A +cz 3 - 0 (A.12)

but the same is not true in the unprimed system since the gauge condition is not

invariant unless n = 1.,
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ABSTRACT

Two boundary value problems in the electrodynamics of moving media are
solved in this dissertation. In both problems, there is a lossless dielectric
filling one half space and moving parallel to its surface with a uniform velocity;
the remaining half space is vacuum. The primary problem involves the deter-
mination of the radiation field due to an oscillating dipole located in vacuum.

A secondary problem, namely reflection and refraction of a plane wave striking
the moving dielectric, is solved as a preliminary to the more difficult problem
above. The motivation for the present study is to introduce techniques for
formulating boundary value problems in the electrodynamics of moving media
and to ascertain if any corrections are warranted in practical problems of
similar nature where the velocities are quite small compared to that of light.

Following the well known work of Sommerfeld, Minkowski's theory of
the electrodynamics of moving media is developed. A modified set of vector
and scalar potentials appropriate in moving media is infroduced. These potentials
are found to have closed form solutions.

Starting from the Maxwell-Minkowski equations, plane wave solutions in
moving media are determined. Once this is accomplished, the solution of the
reflection-refraction problem is found to be quite straightforward. Certain
interesting features are revealed. First, Snell's law is modified, and the
extent of this modification is indicated by a set of graphs depicting the angle of
incidence versus the angle of refraction for different velocities and indices of
refraction of the dielectric. Secondly, the reflected and transmitted waves
possess components not present in the incident wave and furthermore, when
the incident wave is polarized with its electric field parallel to the plane of
incidence, there is no angle of incidence (Brewster's angle) for which the
reflected wave vanishes. An exception to these results occurs when the plane
of incidence is parallel to the velocity. In this case, there is a strong resem-
blance to the non-moving case. Exact expressions for the fields when the plane
of incidence coincides with the two principal planes (perpendicular or parallel

to the velocity) are given.
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The dipole problem is considered next. The two cases of a vertical and a
horizontal dipole over a moving medium are treated in detail. In each case,
the problem is formulated in terms of double Fourier integral representations
of the potentials appropriate in each region and a formal solution is obtained.
An alternate formulation (the method of Weyl) is presented for the case of the
vertical dipole in which all fields are expressed as integrals of the plane waves.
The purpose of this is to emphasize the connection between the reflection-
refraction and dipole problems. Using the saddle point method, asymptotic
forms for the fields are obtained. Electric field patterns in the two principal
planes are included. It is observed that in order to produce any perceptible
change in the radiation patterns, the velocity must be comparable with that of
light. Some allied problems for future research are suggested.
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